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Abstract

Ewald’s self-consistent field method is used to deduce
formulae for the reflection and transmission
coefficients of a crystal slab in a well arranged deter-
minant form. No supposition concerning the magni-
tude of the interaction between the diffracted particles
and the crystal or the number of diffracted beams is
made.

1. Introduction

The diffraction of radiation on a system of scatterers
is encountered in many branches of physics: let us
mention the diffraction of X-rays, electrons or
neutrons on a crystal or the classical diffraction of
visible light on a system of small metal particles
embedded in a dielectric - low-energy photodiffrac-
tion, LEPD (Ohtaka, 1980). The problem of multiple
scattering is rather difficult in both classical and quan-
tum physics. That is why different approximations
are used. In the kinematical theory multiple scattering
is neglected. In some dynamical theories the interac-
tion of the radiation with the crystal is supposed to
be small, the diffraction is studied in the neighbour-
hood of the Bragg diffraction angle, in the two-beam
approximation etc. But the interaction is not small
either in low-energy electron diffraction (LEED) or
in LEPD; then computers are needed to process gen-
eral formulae.

There is one case in which multiple scattering leads
to relatively well arranged and simple algebraic
equations - multiple scattering on point scatterers.
The problem of point scatterers in quantum
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mechanics has been handled from the general point
of view, e.g. by Demkov & Ostrovskij (1975). In
solid-state physics the model of point scatterers is
adequate in neutron diffraction, soft X-ray diffraction
(Henke, Lee, Tanaka, Shimabukuro & Fujikawa,
1982), in LEED in a strong limited s approximation
orin LEPD, if the diameter of the embedded particles
is sufficiently small compared with the wavelength of
the photon.

In our earlier papers we were engaged in Ewald’s
dynamical theory of X-ray diffraction on a simple
periodic lattice (without basis) (Litzman, 1980; Litz-
man & Roézsa, 1980). The results have been used in
the soft X-ray optics of thin films (Litzman &
Sebelova, 1985). The aim of this paper is to deduce
formulae for the reflection and transmission of radi-
ation by a system of point scatterers forming a general
lattice (with a basis). Neither a small interaction
between the radiation and scatterers nor a two-beam
approximation nor proximity to the Bragg diffraction
angle is assumed. On the other hand we confine
ourselves to scalar waves, ie. to solutions of the
Schrddinger equation. Vector waves (electromagnetic
waves) can be handled in a similar way, the corre-
sponding matrices being, roughly speaking, three
times greater. Thus, for electromagnetic waves we
confine ourselves to hints at relevant points.

2. Basic formulae

We shall study the diffraction of particles (electrons,
neutrons) on a system of point scatterers, fixed at
the lattice points of an ideal crystal slab with s
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basis atoms:
R =ma, + n2a2+ nia; +l',,,

(1)

n,,n,=0,+£1,£2,- $00

ny=0, 1,2,---,N
|ry,z_rvz'<a3z’l"" V=1,2,...,S

The origin of the orthogonal coordinate system Oxyz
lies at the lattice point (0,0, 0), the plane Oxy
coincides with the crystal surface plane (a,, a,). The
axis Oz (unit vector e;) and the vector a, X a, point
into the crystal. The lattice (g,, g,, g3) is reciprocal
to the three-dimensional lattice (a,, a,, a;3), i.e. ga, =
2wy, i,k=1,2,3, whereas the lattice (b;,b,) is
reciprocal to the two-dimensional lattice (a,, a,), Le
b: L es, bay =2mwdy, i, k=1,2. Further, ¢! and c*
denote the components of the vector c=cl+c*
parallel and perpendlcular to the crystal surface. It
holds that

gl=b, (2)

Ewald’s dynamical (self-consistent field) theory of
diffraction leads to equations (Lax, 1951; McRae,
1966; Dederichs, 1972; our notation is the same as
that of Dederichs, p. 167):

a;,>0,

g|2l=b2, g:|3|=0

¢i=Y,+ Go.g" Tio; (3a)
ji .
where ’
T;=T3(r,r)
=(#’/2m)4nQ,8(r—R3)S(r—R3)  (4)

is the T matrix of the scatterer on the lattice point
RY. Q, is the scattering length of scatterer ». Its
dependence on the wave vector k of the incident wave
is given by (Dederichs, 1972)

Q.(k) = Q%/(1+ikQ?). (5)
Further
y _2mexp (iklr—r])
GO(r9 r ) - ‘h2 47T|r—r,| ’ (6)
¥,=f exp (ikr), E = #°k*/2m. )]

Equation (3a) is a nonhomogeneous systeni of alge-
braic equations for ¢} (R})

¢L(Ry) =f exp (ikR})

,  exp (ikIRZ-RY)
IRZ—RY]

ou(R3).  (8)

Cy#=CH

When (8) is solved we get the wave function ¥
describing the diffracted particles from (3b)

¥ = exp (i) - 3, @ ZLEHETD paee. 0
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Due to the translational symmetry, we may put in (8)

e "™(RY) =exp [ik'(m,a,+ mya+r,)]wys  (10)

The following mathematical procedure is similar to
that used by Litzman (1978, 1980). We shall give here
the resulting system of nonhomogeneous algebraic
equations for wj,* in a suitable matrix form (see
Appendix):

{I@C(k)+Z[R( 6,,) ®B,,+L(6,. )®D,,q]}

= fllexp(im;ka;)|| ® |lexp(ikr;)]. (11)

The following notation is used in (11):

“':"Wz’"’ m3=03172:' "N

p=12,...,s,isacolumn vector
of order (N +1)s.

Similarly; ||exp (im3ka3)|| is a column vector of order
N+1 and [fexp (ikr)|| a column vector of order s.
® denotes a dlrect matrix product. R(—6,,) and
L(6;,) are square matrices of order N+1:

0 exp(if) exp (i20) ... exp (iN9)
0 0 exp (i0) . expi(N—-1)6
R(6)=|: :
0 0 0 exp (i0)
0 0 0 eee 0
(12)

L(6) =R7(6). Matrix AT is transpose to matrix A.

2

DM—” k 1 . 24T
" ( )” Ial X a2| gz qu qu
2 (13)
=By ()| = ——————"b,,. b,
|al I -pqz

are dyads of order s formed by the column vectors

'dyg = |lexp [ir, (pb,+ qb,) +ir,. K. 1|
*dyy = || Q. exp [—ir, (pb, +qb;) —ir,..K, .|
'b,, = |lexp [ir, (pb, + gb,) —ir,.K,,.]|
*bpg = [| Q. exp [—ir, (pb;+ gby) +ir,.K,,. ]|

uw=12 ..., 5
C(k)=—% {(2i/|a; X 2| Kppp)

(14)

x[|Q.(1-8,,) exp [i(r, —r,)(pb; + gb,)
+ ilry.z_rvlepqz]"} _<Ql’ Q2, ceey Qs)sl(k")-
' (15)

(Q1, Q2,. .., Q,) denotes a diagonal matrix with the
elements Q,, Q,, ..., Q, on its main diagonal.
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exp [ik|n,a,+ n,a,|]

(el —
S |"131+"232I

ZI
(nynz)#(00)
X exp [ik'(n,a, + nja,)]

2ri paz
: =|alvaI2quz [1+¢( 2B )] (16)

exp [ik'(n,a,+ n,a
+ Z' ( p [ik'(n,a,+ nya;)]
(nyray o (00 2|n,a, + na,)|

x {exp [—ik|n,a, + n,a,|]

X [1 - ¢(|n1a1 + n232|B - ik/2B)] +C.C.})

—ik — ik®(ik/2B) — (2B/V =) exp (k*/4B?).
In (16)
&(x)=27""2[; exp (—1t?) dt

and B is a suitable parameter which affords an equally
good convergence of both sums in real and reciprocal
lattices. The value B = (1/|a, xa,|)"/? is recommen-
ded by Pendry (1974) where a more general sum is
studied. The sum (16) was discussed also by Dub &
Litzman (1983).

Further,

k!, =k'+pb,+gb,,
quz =+ [k2 - (k" +pb,+ qb2)2]1/2

K;, =kl te;K

+ +
pqz> 0pq=a:K,

p,qg=0,%x1,£2,.... (17)

It is always possible to find such py>0, g,>0 as
the elements of the matrices R(—6,,) and L(6;,) are
arbitrarily small for all |p| = po, |q| = go. Thus the sum
over (pq) on the left-hand side of (11) is carried out
over a ﬁmte number n of different 6,, and we denote
it by Z

The system (11) is very similar to that obtained in
our earlier papers concerning the dynamical theory
of X-ray diffraction in simple lattices. The formal
difference consists in the fact that in the earlier papers
(Litzman 1978, 1980) the reciprocal vectors (b, b,)
were not introduced, matrices B,,, D, were not dyads
and matrix V characterizing the spatial dispersion is
now not introduced. But the following proposition is
again valid:

Proposition

(1) Letyy, ¢s,..
detA(y: k=0

., Y5, be the roots of the equation

(18)
where

(n)
A(g; K =1-C(k) - ({exp [i(6;,— )1 - 1}'B,,

+{exP [—i(o;q_w)]_l}-leq)' (19)

DIFFRACTION ON A PERIODIC SYSTEM OF POINT SCATTERERS

(2) Let the s-dimensional vector u(y;) be a so-
lution of the homogeneous system

A kNu(y,) =0. (20)

(3) Let ¢}, c,..., c5, be constants satisfying the
following non-homogeneous system of linear alge-
braic equations:

2n !

Cj _ L
; exp [_1(08'0_ !IJJ)]_ 1 DOO“(‘I’J’) _f||CXP (lkl’“)"

g
,-Z'. exp [—i(6,,—¢;)]1-1

D,qu(y;) =0
(p.q)#(0,0) (21)

B, u(y;)=0 forall(p, q).

2n

¢; exp (iNy;)
j=iexp [i(6,,—¢;)] -1
Then the vector

w =1 cjllexp (imsy)| @ u(y;)

(22)

is the solution of (11).

Let us consider (18) in more detail. The determinant
on the left-hand side of (18) can be written as a finite
sum of determinants constructed from the rows of
the matrices | — C(k), B, and D,,,, each of them being
multiplied by some power of

{exp [i(6,4—¥)1— 1} {exp [—i(67,— )] - 1}".
Because matrices B,, and D,, are dyads, r, s =0, —1
must hold. Thus supposing

07, # Oppq, ti2m if (prg) # (P2g2) j=0, 1,2, ...

(23)
we can see that (18) is an algebraic equation of order
2n for exp (iy). If (23) does not hold i.e. if some of
the poles of the function det A(y;k!) coincide, then

the solution of (18) is more complicated. Let us sup-
pose, for example, that

050= 05, +j2m,
It is easy to show that in this case
K3, =k+pg,+qg,—jgs, [K;fq]z‘—‘k2 (25)

must hold, i.e. the incident wave vector k satisfies the
Bragg reflection condition.

Because the matrices B”?, D?? (13) are dyads, (21)
can be written as
2n

J integer. (24)

) 2
JZI exp (iy;) —exp(ifqp) ,,Z doott, (¥;)
= —fKoo: €xp (—ifg)
cj
,Z"i exp (iy;) —exp (i6,,) & Z
jv_": . exp [i(N+1)y,
=1 exp (i) —exp (i05,

2n

dp,u,(4;)=0 (26)

] Zzb;q 4, (1) =0
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with

(27)

Thus we have found solution (10) of (8) as follows:

pmm™s(RI) =exp [ikl(m,a,+ mya,+1,)]
x%j cj exp (imsy;)u, ()

= (27Ti/|al xazl) CJ".

(28)

where ¢;, u,(¢;) and c; are solutions of (18), (20),
and (21). By the usual analysis of the waves (28) we
can deduce that one half of the solutions ¢;, j=
n+1,...,2n, of the dispersion equation (18) should
be omitted in the semi-infinite crystal (N - o). For
these solutions IM ¢; <0 holds in a crystal with
absorption. Thus in the semi-infinite crystal we put
¢=0in (26) for j=n+1,...,2n

The wave function ¥ describing the diffracted par-
ticles follows immediately from (3b) and (28). Again
using formulae for the two-dimensional lattice sums
(see Appendix), we get finally:

T(r)=f exp(lkr)+)2 (1/ K,4:)R,(05,,) exp (i6,,)

X exp [z(k|| Kp02)], z<0 (29)
q’(r) = - Z (1/ pqz)Rt(O ) €Xp ( lNopq)
xexp [i(k! rl+ zK,,.)], z> Na, (30)

z <0 corresponds to the reflected particles and z > Na
to the transmitted particles. Further,
2n

e G
R-(6,,) ,Z{ exp (iy;) —exp (i6;,)

XZ Q, exp [—ir,(pb, +gb,

3 Kpg2) 10, (), (31)
e ¢ exp [i(N+1)y;]
Ri(95, _,-Z{ exp (iyy;) —exp (i6;,
XY Q, exp [ir,(ph,+qb,
+e3quz)]uv(¢j)~ (32)

Because of the symmetry, the components kl',q of
the wave vectors of the reflected and transmitted
waves in (29), (30) differ from the wave vector k! of
the incident wave by the vectors of the reciprocal
lattice b,, b;. In the transmitted field the incident
wave f exp (ikr) does not appear; it is extinguished
due to the first condition in (16) by the transmitted
waves. This is an analogy to the Ewald extinction
theorem inside the crystal.

The term exp (i6,,) =exp [i(al k" —a;.K,,;,)] in
(29) is not included in the reﬁectlon coeflicient
R,(6,,), by analogy with the study of X-ray reflection
on a simple cubic [attice with lattice constant a (Litz-
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man & Rézsa 1983). In that case the formulae for the
reflection and transmission of a slab must coincide
with classical Fresnel formulae for large wavelengths.
To achieve this coincidence, it is necessary to suppose
that the reflection occurs not on the ‘geometrical’
crystal surface z=0, but on a ‘physical boundary’
shifted by one lattice constant over the first atomic
plane of the crystal. [ See below discussion of equation
(59).] This may be related to the fact that Ewald
(1916, p. 125) found two representations for the fields
around the outermost layer.

3. Coefficients of reflection and transmission

Having obtained formulae (29)-(32) for the reflected
and transmitted waves, we have essentially solved our
problem. But we shall try to bring our results into
more suitable algebraic form. To this end let us intro-
duce the following notation:

D=(Plsee s ¥rse)s
D=V, ¥r, ),
j=1,2,...,2n,

(exp 6, . . . , €Xp 65y, . -
(expibg, ...,

x; =exp (i),
E] Q. exp [—ir,(pb, + gb,+e;K,,,) 1u, ()

33a
exp if,,, .. (33a)

(33b)

= ap,(j) = a7 (j) (34)

v{:] Qv €Xp ["il'v(Pb1+ qbZ_eSquz)]uv(de)
=a,,(j)=a;(j).

A fundamental role will be played by the matrix H:

H= Hu H,, — hij ’
Hy  Hoyll  llx—y;
a7 ()
H,= - i=1,2,... = von
11 xj—)’? ? i=1,2,...,mj=12,...,n
4/ .
H12=;—'—(i')+'a i=1,2,...,mj=n+1,...,2n
H, = a; {J (xN* x;l-(—l"”’an+l),i=1’2’“.’n
x_,—yx
Jj=1,2,...,n
a; (j
H22= (J) (an-:il, flv-i-—;lso.-,ngl),i=1’2""’n
X=yi

j=n+1,...,2n

In (35) the index 1 in a7, yT always corresponds to
age, Yoo=exp (ifg) and (.. .) again denotes a
diagonal matrix. Further, introducing column vectors
¢, f of order 2n,

e=lley ¢ennn,y ol

f= "_sz €xp (—ikaii)s 09 0’ crey (36)

oj,
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N
we can write (26) as

He=f ie c=H'f=(1/detH)adjHf (37)
Using this notation we get from (31)
R.(6,,) = H ap(l)  @pe(2) o a;q(Zn_) "c
~ Vo' X2~ Vp T Xan=ypall (38)
= —fk, exp (—ika;) det M~ (pq)/det H
and similarly from (32)
R.(8,,) = —fk, exp (—ika,) det M*(pg)/det H. (39)

The matrices M~ (pq) and M*(pq) in (38) and (39)
differ from the matrix H (35) in the first row only.
Their first rows read

IM~(pq)y|l = ap(l)  ap(2) iq(Zn_)
Y xl_y;q’xZ_y;q’ ’xzn—y;q
(40)
N+1 +
pa(1)
IM*(pg),ll =| —,
~ Y
xé"“ +g(2) Xom lag,(2n)
serey— . (41)
ypq X2n = Ypq
Otherwise
i=23,...,2n
M*(pq); =M~ (pq); = Hj, (42)

j=1,2,...,2n

The numerical evaluation of the determinants of
the matrices ||a;(x;—y,)”")|| appearing in (38) and
(39) make difficult those solutions x; = exp (i;) which
are close to the poles y,—exp(ze ) for which the
terms (x; —y;)™" diverge. To get rid of this difficulty
we shall change the determinants in (38) and (39) to
another algebraic form in which these divergences in
numerator and denominator cancel one another. To
this end we shall introduce the Lagrange polynomials

L(y), i=1,2,...,2n, on supporting points (33a)
yléyT=exp (i030),  Y2=Y3s+e s Yn=Yn
Ynr1=Y1 =€Xp (i000),  Ynse2=Y2,---sY2n=)Vn

(43)
in the usual way:
oV =(y=y)(y=32) ... ()= Y2m),
L(y)=w(y)/(y-yo'(y);  L(y)=8. (44)
Thus
1/(x;—y:) =[Li(x)/ w(x;)] ' (y:) (45)
and we can write
det a; _ ‘0'()’1)‘0'(}’2) @' (¥20)
X; = Yi o(xX))o(x;) ... w(x;,)
x det [|a;Li(x;)|. (46)

- DIFFRACTION ON A PERIODIC SYSTEM OF POINT SCATTERERS

Further let us write the matrices M*(pq) and
M™(pq)[(40), (41)] in a form which is more similar
to that of H (35):

m*(pq); i} lm‘(pq)i,-
M*(pq) = |- —28 M (pg) = [|—)  (47)
(rq) . (pq —
with
xl}l+1 + )
m+(P¢I)1j=_J‘__E@(Xj—yT), j=12,...,2n
j rq
m™(pg)y =229 (1) (48)

J "~ Vra
m*(pq);=m (pq);=h; fori=2,3,...2n
j=1,2,...2n.
Then we can write (38) and (39) as

detl] m_(pq)ijLi(xj) "
det||hyL;(x;) |

Lj=1,2,...,2n (49)

det||lm™(pg)sLi(x)|l
det||hyLi(x;)|

ij=1,2,...,2n (50)

As the Lagrange polynomials are regular singu-
larities in quotients (49), (50) can appear in the terms
m*(pq),;, m~(pq),; only. Moreover, these formulae
give some view of the influence of the different so-
lutions ¢; of the dispersion equation (18) on R, and
R,. Let us consider first the reflectivity of a semi-
infinite crystal. As N >0, j=n+1,...,2n,xN "' >0,
we get for the reflectivity of a semi- mﬁmte crystal

det|lm ™~ (pq),L.(x;)|
det| hyLi(x))||

Lj=12,...,n

Rr(o;q) = _sz eXp (_ika3)

R,(6,,) = —fk, exp (—ika;)

RY(6,,) = —fk, exp (—ika;)

(51)

Now let us suppose that for some solutions x; (33b)
of the dispersion equation (18)
x=y;, forj=ss+1,
holds. Then, following (44),

Li(x;)=d; forj=s,st1,...,n

ey n, s>1

Thus
det|| AyLi(x) | j=1.2

.....

= det|| hyLi(x;)|lij=r,2,.. . s-1% H hy

and a similar relation holds for det]]m (pg)sLi(x))|-
Because of (48) the terms

(52)

m~(pq);
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cancel one another in R7(6,,) (51). We can see that
those beams for which ¢;=6; have only a small
influence on R;". A similar consideration can be
applied to (49), (50).

Generally we can say that those solutions ¢; of the
dispersion equation (18) which are near the poles
have only a small influence on the reflectivity and
transmittivity of the slab.

4. Semi-infinite crystal

Formulae (49) and (50) express the reflection and
transmission coefficients R,, R, of the slab by the
solutions ¢; and u(y;) of equations (18) and (20). To
get an idea of the properties of our formulae let us
consider the case of a simple lattice, i.e. s=1. Using
(19), (15), (16) and (5), (18) reads

20 & [ 1 sin (as.K,,.)
Ial X aZI rq quz Cos (‘/’ - agkgq) —Cos (a32quZ)

1 iK,.,
ey
+ik®(ik/2B)+ (2//7) B exp (k*/4B?)
, [exp [ik!(na; + nja,)]
- n1n§(00) ( 2|ma;+ nya,|
x {exp (—ik|n,a, + nya,|)
x[1—@(|n,a,+ n,a,|B—ik/2B)]+c.c.}
=1/Qo. (53)

The function on the left-hand side of (53) is real (for
real ¢) for all (pq) and has poles for

y=alkl +a,.K, . +j27=0%+j2m

(54)

If the interaction of the ircident particles with the
scatterers is small, ie. |a, Xa,|>|Q,f*, then the sol-
utions of (53) should be near the poles (54).

The coefficient «,,(j) in the matrices H, M™(pq)
[(35), (40), (41)] can be put equal to 1 for s=1.
Employing a useful formula for the evaluation of
det||(x;—y;) ", we can handle (38) and (39) without
introducing Lagrange polynomials into them. For the
reflectivity of a semi-infinite crystal we can write in
this case (Litzman & Rézsa, 1980; Avron, Grossman

& Hgegh-Krohn, 1983)
wof g .~ exp (i) —exp (i650)
R;(0,,)=—fk, exp (—ika - —

172 exp (iyy;) —exp (i630)
j=2 €xp (igh;) —exp (i6,,)
exp (i6]) —exp (i6;,)
exp (i67) —exp (ifg0)
Let us emphasize that (55) is exact: no supposition

has been made about the magnitude of the interaction
between the incident particles and the crystal, the

(5%)
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proximity to the Bragg reflection angle or the number
of diffracted waves. From (55) it is evident that those
beams for which ;> 6] have only a small influence
on R%(6,,), as mentioned at the end of § 3.

A more detailed analysis of formula (55) for the
soft X-ray region, leading to ‘generalized’ Fresnel
formu)lae, has been performed by Litzman & Rézsa
(1983).

Let us consider now the Bragg reflection (24), i.e.
we suppose

Og0=0n+j2m+e, |e|<1. (56)

In this case we shall write the dispersion equation
(18) as

ol eXp(w(*)-o)
1+ QS'(K") — by, exp (i) —exp (,'9;0)
_ exp (— i)
" exp (—ig) —exp (—i6;;)
exp (i6,,)

X

exp (i) —exp (i6,
exp (—if5,) ] o
exp (—iy) —exp (—if,,) )
Multiplying (57) by
[exp (i) —exp (i850) Il exp (—iyp) —exp (—i6;,)]
we find

(57)

exp (i) > exp (i)

€Xp (u//l) .54 (10;0) > % — Krsz

exp (idll) - exp (ior_s) brs KOOz
Thus, following (55)

lim R7(6;,) = —fK., exp (—ika;)
lim RY(6,,)=0 for (pq) # (rs)

whereby we have supposed that the Bragg condition
is satisfied for one pair, (00), (rs), only.
Inserting (58) into (29) we find

W (r) =f exp (ikr) —f exp (—ika;)
xexp [ikl,(r! +al) —iK,..(z+ a5,)]

if e>0.

} ife>0 (58)

(59)
if
050= 07+ j2m.

The last equation proves that total reflection occurs
if the Bragg condition is satisfied. In the standard
dynamical theory of Ewald or von Laue total reflec-
tion is proved by the analysis of the dispersion
equation in the two-beam approximation and by sup-
posing that the interaction between the incident parti-
cles and the crystal is small (i.e. the refractive index
is very near to 1). Our results (58) and (59) based on

n-beam strong interaction formulae [(55), (57)] are
more general. In Laue’s theory total reflection does
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not occur exactly for the classical Bragg reflection
angle but is shifted proportionally to the mean
polarizability of the crystal. In our case this shift is
zero because the scatterers are in vacuum. To get the
intensity of the reflected wave in the neighbourhood
of the Bragg angle (‘rocking curve’) a numerical
analysis of (55) would be necessary.

As has been pointed out by James (1963) there is
a problem of how to introduce in Laue’s dynamical
theory the boundary conditions ‘when the elec-
tromagnetic waves concerned have lengths compar-
able with the interatomic distances. In this respect
Ewald’s method is logically superior.” By this is meant
that in Ewald’s theory no boundary conditions are
needed. The solution (59) gives a partial answer to
James’s note. The second term on the right-hand side
of (59) shows that the reflection of the incident wave
does not occur on the ‘geometrical crystal surface’
z =0 but on a ‘physical boundary’ shifted by —a; over
the first plane of scatterers. Let us mention that
Ewald’s method can also be used to obtain a better
understanding of so-called additional boundary
conditions for dielectrics with spatial dispersion
(Litzman, 1981).

Let us consider briefly the more general case of a
lattice with basis, i.e. s=2. In this case B,, and D,,
in (19) and (21) are dyads, i.e. matrices of order s
but of rank one. Thus, using standard rules of deter-
minant theory, the dispersion equation (18) can again
be written in a form

_ exp (—if,,)
; [a”" exp (—ith) —exp (—i6,,)
. explio}y)

74 exp (i) —exp (ie;;,)] b 60

As in (57), (60) is an algebraic equation of order
2n for exp (i) and (54) are poles. But the coefficients
a,,, a,, depend now on 6;;, 6, and can diverge for
€ - 0. This circumstance makes the general analysis
of (60) difficult.

In the study of the diffraction of electromagnetic
waves, the matrices B, and D, are no longer dyads,

which complicates formally the scattering problem.

5. Summary

Ewald’s self-consistent field method (Ewald, 1916,
1917) in quantum-mechanical formulation is used for
the study of diffraction of particles on a system of
point scatterers fixed on lattice points of a periodic
crystal slab with s basis atoms. The problem is of
course trivial if the slab consists of one layer only.
Then we can put in (10) w, = 1. Difficulties arise in
satisfying the boundary conditions if the slab contains
more layers.

The use of matrix algebra enables us to express the
coefficients of reflection R, and transmission R, in
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well arranged algebraic forms (49) and (50) in terms
of Lagrange polynomials L{x). To use these formulae
it is necessary to solve an algebraic equation (18),
which in the n-beam approximation is of order 2n.
This order is independent of the number N+1 of
layers and of the number s of atoms in the elementary
cell of the crystal. The solution of (18) is facilitated
by the occurrence of the poles (54) in the matrix A
(19). Further, solution of the algebraic system (20)
of order s is needed.

To derive formulae (49) and (50), no supposition
is made concerning the magnitude of interaction
between the particles and the crystal, the number n
of diffracted beams or the proximity to the Bragg
diffraction angle. To get an idea about the general
solution the diffraction on a semi-infinite crystal for
s=1 is discussed in more detail. The expression for
the reflection coefficient has in this case a very simple
form, (55), in which the parameters exp (if,,) are
known and exp (iyy;) are solutions of the dispersion
equation (57). (55) gives the reflection coefficients for
all wavelengths at any angle of incidence. If our
theory is applied to a system of oscillating dipoles it
is possible to deduce from (55) a correction to the
classical Fresnel formulae in the soft X-ray region
(Litzman & Rozsa, 1983). Dielectrics with spatial
dispersion can be handled in a similar way (Litzman,
1978, 1980, 1981).

APPENDIX
1. Lattice sums

To deduce some formulae in our paper we have to
evaluate two-dimensional lattice sums of two kinds:

S(k", RII, u) = Z

mn;

{exp (ik|na; + na, —R'+u|)
|n,a,+ nya,—Rl+u|

xexp [ik!(n,a, + nzaz—R")]} (A1)

exp (ik|n,a, + n,a,|)
|na, + nya,|

e |
(nyn3)#(00)

x exp [ik'(na;+ nzaz)]}. (A2)

The main difference between (A.1) and (A.2) is
that in (A.2) the origin (0, 0) is excluded from the
summation. Both sums converge slowly. But because
(A1) is a periodic function of Rl(x, y), it can be
transformed into a sum over the reciprocal lattice
which, as we shall see, converges rapidly. By standard
Fourier procedure we write

S(k", R", u)= Y f(mym,)exp[i(mb,+ mzbz)R”]

mym;
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where

1
—_ Sk R/
f(mlmz) Ial x azl (J -[ ( ’ ’ “)
x exp [—i(m,b; + m;b,)R'] dR!
1 j J’ exp (ik|R!—u])

" layxay] IRT—u]

—0Q0

x exp [—i(k!+ m;b, + m,b,)R!] dR!
1
|a, xg?zl

XJ' J‘exp Lik(x*+ y*+ u2)M?)
(x*+y*+u)V?

exp (—iu"k',',,l,,,z)

—oo

xexp (—iR'k!, ., ) dx dy

 jay xay

27 exp (—iu'k!, )

o EXP (1]t Ko 2)
Ko myz ’
We get finally
S(k", Rll, u)

2mi
— il
=— exp (—in'k}, ,.)
Ial X32| "'I.Z"'Z i
o EXP (i|tt;| Koy myz)
Kmlmzz

The meaning of k',',.lm2 and K, .. is explained in
formula (17) of the main text.

The transformation of the sum (A.2) into a rapidly
convergent one is much more difficult. Ewald (1932)
studied a three-dimensional lattice sum of the type
(A.2) and his procedure can be applied to the two-
dimensional one as well (Dub & Litzman, 1983). We
thus get (16) which is in agreement with the more
general result given by Pendry (1974).

exp [i(m;b,+ m,b,)RI.

2. Formula (11)

Introducing (10) into (8) we get the following system
of algebraic equations for wy:

w2 = f exp [ik(msa;+r;)]
_ ZI exp (ik|R; —R}))
(nv)s (mu) IR:_R:I
X exp (ik”[(nl —m;)a,+(n,—my)a,

+r,—r, )W, (A3)
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Using (A.1) and (A.2) for the two-dimensional sums
over (mn,) on the right-hand side of (A.3), we get,
quite similarly to Litzman (1978, 1980), equation (11)
of the main text.

3. Formula (53)

For s =1 dispersion equation (18) reads

exp (—if,,)
exp (—iy) —exp (—if,,)

(n)
1+ Qs'(k) =Y. bpq[

pq

exp (i05,) ] 3
exp (i) —exp (i03,) ]
with
___ 2mQ
bpq B |al X azIquz (13)
ik=(1/Q) = (1/ Q). 5)

Using equation (16) for S'(k'), we get after some easy
algebra formula (53) of the main text.
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